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The solution of Volterra type climb and glide edge dislocations is utilized to formulate integral equations for an ortho-
tropic homogeneous inﬁnite plane weakened by multiple smooth cracks and/or cavities. Cavities are considered as closed
curved cracks without singularity. The integral equations are of Cauchy singular type which are converted to hypersingular
integral equations. These equations are then solved numerically to determine stress intensity factors for cracks and hoop
stress on the cavities. The results for isotropic and orthotropic planes are compared with available solutions in literature
and excellent agreement is observed. The formulation allows stress analysis of orthotropic planes with several arbitrarily
oriented cracks and cavities.
 2006 Elsevier Ltd. All rights reserved.
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The stress analysis in the presence of cracks and cavities is the vital part of damage assessment in the course
of service life of structures weakened by these defects. The non-uniform distribution and variance in conﬁg-
uration of interacting defects pose quite a complicated stress analysis problem. Apparently the earliest attempt
to analyze an inﬁnite plane perforated by a uniform row of interacting circular holes dates back to the work of
Howland (1935). Since the appearance of Howland’s article, a signiﬁcant number of papers dealing with the
stress analysis in diﬀerent regions containing cracks and cavities utilizing analytical and numerical approaches
have been published. A few analytical investigations, not necessarily the most notable ones, are mentioned
here. An inﬁnitely long strip under tension weakened by two collinear equal circular holes situated on the cen-
ter-line of strip was treated by Atsumi (1956). Haddon (1967) adopted the complex variable and conformal
mapping techniques to analyze the problem of two interacting unequal circular holes, in an isotropic inﬁnite
plane. Isida (1973) employed the Laurent series expansion of complex potentials involving in the Airy stress0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.020
* Corresponding author. Tel.: +98 21 6454 3460; fax: +98 21 641 9736.
E-mail address: sjfariborz@yahoo.com (S.J. Fariborz).
4168 A.R. Fotuhi, S.J. Fariborz / International Journal of Solids and Structures 44 (2007) 4167–4183function of an isotropic plane with elliptical holes. Cracks were considered as a limiting case of elliptical holes.
The coeﬃcients of the series were obtained via a perturbation procedure. The article, among other ﬁndings,
analyzed the interaction of cracks and a crack with two holes. A complex body force density on the boundary
of a hole was introduced by Duan et al. (1986). The application of boundary conditions on the surfaces of
holes led to the integral equations for the body force densities which were solved by means of the Laurent
series expansion. The results of the above last two papers are of series form and the formulations become
extremely cumbersome where only a few non-uniformly distributed holes are involved. The multiple hole–
crack interaction problem was the subject of study by Hu et al. (1993). They modeled the holes and cracks,
respectively, as unknown pseudo-tractions and unknown distributions of dislocations, on the surface of these
defects. The ensuing integral equations on cracks were of Cauchy singular type whereas those on the holes
were of second order Fredholm kind. The numerical solution of these equations led to the stress intensity fac-
tor at crack tips.
In this study the edge dislocation solution is utilized to derive Cauchy singular integral equations for an
inﬁnite plane weakened by arbitrarily oriented curved cracks and cavities. Cavities are modeled as closed
cracks without singularity. The integral equations are converted to hypersingular equations in terms of
unknown displacement components of crack edges. The series expansions of displacement components are
used to solve the equations. The mode I and II stress intensity factors for cracks and hoop stress for cavities
are obtained for several examples.2. Formulation
We consider an inﬁnite orthotropic plane and take the coordinate axes in the directions of material ortho-
tropy. The stress analysis in the plane weakened by a climb and glide edge dislocations was carried out by Faal
and Fariborz (2007). To render the article complete the dislocation solution in the inﬁnite plane is restated
here. The stress ﬁelds caused by a climb and a glide dislocations with Bergers vectors, Bx and By, respectively,
where the coordinate axes are the axes of principal material orthotropy arerx
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ð2Þare real and positive (Lekhnitskii, 1963). The dislocation solutions may be employed to analyze inﬁnite planes
with several defects. The defects are considered as cracks and cavities while cavities are simulated as closed
curved cracks without singularity. Let climb and glide dislocations with densities bx and by, respectively, be
distributed on the surface of a crack. The stress ﬁelds caused at a point by the above-mentioned distribution
of dislocations employing Eq. (1) become
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>;dt ð3ÞIn Eq. (3), (a(t),b(t)), 1 6 t 6 1, specify the geometry of the crack with respect to the coordinate system (x,y)
and prime denotes diﬀerentiation with respect to the relevant argument. The moveable orthogonal coordinates
(s,n) are chosen such that the origin may move on a defect while s-axis remains tangent to the defect surface.
The components of stress and dislocation density may be transformed to (s,n) coordinatesrn ¼ rx þ ry
2
 rx  ry
2
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2
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by ¼ bs sinðwÞ þ bn cosðwÞ;
ð4Þwhere w(t) = tan1(b 0/a 0) is the angle between the s and x axes. By employing the principle of superposition
the components of traction vector at a point with coordinates (aj(g),bj(g)), where parameter 1 6 g 6 1, on
the surface of jth defect for a plane weakened by N defects becomernðajðgÞ; bjðgÞÞ ¼
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ð5ÞThe kernels in Eq. (5) arek11ijðg; tÞ ¼ K11ijðg; tÞ coswiðtÞ þ K12ijðg; tÞ sinwiðtÞ;
k12ijðg; tÞ ¼ K12ijðg; tÞ coswiðtÞ  K11ijðg; tÞ sinwiðtÞ;
k21ijðg; tÞ ¼ K21ijðg; tÞ coswiðtÞ þ K22ijðg; tÞ sinwiðtÞ;
k22ijðg; tÞ ¼ K22ijðg; tÞ coswiðtÞ  K21ijðg; tÞ sinwiðtÞ;
ð6Þwhere functions in the right-hand side of (6) are
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þ ðaj  aiÞ2½ðr2ðbj  biÞÞ2 þ ðaj  aiÞ2: ð7ÞFig. 1. Dimensionless hoop stress for elliptical cavity.
A.R. Fotuhi, S.J. Fariborz / International Journal of Solids and Structures 44 (2007) 4167–4183 4171Weshould emphasize that inEq. (7) quantitieswith subscript i are functions of t, whereas the samequantitieswith
subscript j are functions of g. The kernels in (5) exhibit Cauchy type singularity for i = j as t! g. To extract the
singular terms the Taylor series expansion of aj(t) and bj(t) in the vicinity of g is plugged into Eq. (7) yieldingK11jjðg; tÞ ¼ a11;1jg t þ
X1
m¼0
a11;mjðg tÞm;
K12jjðg; tÞ ¼ a12;1jg t þ
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K21jjðg; tÞ ¼ a21;1jg t þ
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a21;mjðg tÞm;
K22jjðg; tÞ ¼ a22;1jg t þ
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m¼0
a22;mjðg tÞm:
ð8ÞThe coeﬃcients of singular terms are given in Appendix A. The coeﬃcients of regular terms are functions of g
and do not take part in the ensuing analysis. Employing the deﬁnition of dislocation density function, the
climb and glide dislocation density functions bx and by, respectively, for a typical defect in terms of the com-
ponents of displacement on the defect Dux and Duy may be written asbxðtÞ ¼ Du
0
xðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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q : ð9ÞFig. 2. Dimensionless hoop stress for C1 cavity.
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Duy ¼ Dus sinðwÞ þ Dun cosðwÞ:
ð10ÞThe derivative of above equations is readily knownDu0x ¼ Du0s cosðwÞ  Du0n sinðwÞ  ðDus sinðwÞ þ Dun cosðwÞÞw0;
Du0y ¼ Du0s sinðwÞ þ Du0n cosðwÞ þ ðDus cosðwÞ  Dun sinðwÞÞw0:
ð11ÞSubstituting (9) and (11) into the last two of (4) and solving the resultant equations for bs and bn, the dislo-
cation density functions for the ith defect in (n, s) coordinates result inbsiðtÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0iðtÞ2 þ ½b0iðtÞ2
q ½Du0siðtÞ  w0iðtÞDuniðtÞ;
bniðtÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0iðtÞ2 þ ½b0iðtÞ2
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ð12ÞIn order to circumvent the diﬃculties which may be encountered in the numerical solution of Cauchy singular
integral Eq. (5) for cavities, we substitute Eqs. (12) into (5) use, formally, the integration by parts together with
the closure requirement i.e., Duki(1) = Duki(1) = 0, k = n, s, i = 1,2, . . . ,N, and arrive at the following system
of hypersingular integral equations:Fig. 3. Dimensionless hoop stress for C2 cavity.
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ð13Þwhere the kernels in Eq. (13) arekH11ijðg; tÞ ¼ k12ijðg; tÞw0iðtÞ 
ok11ijðg; tÞ
ot
;
kH12ijðg; tÞ ¼ k11ijðg; tÞw0iðtÞ 
ok12ijðg; tÞ
ot
;
kH21ijðg; tÞ ¼ k22ijðg; tÞw0iðtÞ 
ok21ijðg; tÞ
ot
;
kH22ijðg; tÞ ¼ k21ijðg; tÞw0iðtÞ 
ok22ijðg; tÞ
ot
:
ð14ÞThe above equalities contain hypersingular as well as Cauchy singular terms for i = j as t! g and by virtue of
(6) may be represented asFig. 4. Dimensionless hoop stress on the cavity in isotropic plane.
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aH11;1jðgÞ
ðg tÞ2 þ
aH12;1jðgÞ
g t w
0
jðgÞ þ
X1
m¼0
aH11;mjðg tÞm;
kH12jjðg; tÞ ¼ 
aH12;1jðgÞ
ðg tÞ2 
aH11;1jðgÞ
g t w
0
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aH21;1jðgÞ
ðg tÞ2 þ
aH22;1jðgÞ
g t w
0
jðgÞ þ
X1
m¼0
aH21;mjðg tÞm;
kH22jjðg; tÞ ¼ 
aH22;1jðgÞ
ðg tÞ2 
aH21;1jðgÞ
g t w
0
jðgÞ þ
X1
m¼0
aH22;mjðg tÞm;
ð15ÞwhereaH11;1jðgÞ ¼ a11;1j coswjðgÞ þ a12;1j sinwjðgÞ;
aH12;1jðgÞ ¼ a12;1j coswjðgÞ  a11;1j sinwjðgÞ;
aH21;1jðgÞ ¼ a21;1j coswjðgÞ þ a22;1j sinwjðgÞ;
aH22;1jðgÞ ¼ a22;1j coswjðgÞ  a21;1j sinwjðgÞ:
ð16ÞThe coeﬃcients amn,1j, m,n = 1,2 are those speciﬁed in Appendix A. The series in (15) are regular and the
coeﬃcients aHkl;mj; k; l ¼ 1; 2 are too lengthy to be given here. Utilizing the Bueckner’s principle, the left-hand
sides of Eq. (13), with opposite sign, are the traction caused by external loading in the inﬁnite plane without
defects on the presumed surfaces of defects. The applied tractions at the far-ﬁeld r1x , r
1
y , r
1
xy are considered to
be uniform. Therefore, the left-hand sides of Eq. (13) yieldFig. 5. Dimensionless hoop stress on the cavity in orthotropic plane.
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2
cosð2wjÞ þ r1xy sinð2wjÞ;
rsj ¼
r1x  r1y
2
sinð2wjÞ  r1xy cosð2wjÞ; j ¼ 1; 2; :::;N :
ð17ÞThe singular parts of the kernels in integral Eq. (13) should be separated from the regular part. Eq. (13) in light
of (15) may be rewritten asrnðajðgÞ;bjðgÞÞ¼aH11;1jðgÞ
Z 1
1
DusjðtÞ
ðg tÞ2 dta
H
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þ
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Z 1
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DusjðtÞ
ðg tÞ2 dta
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Z 1
1
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g t dta
H
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Z 1
1
DunjðtÞ
g t dt
þ
Z 1
1
aH21;1jðgÞ
ðg tÞ2 
aH22;1jðgÞ
g t w
0
jðgÞþkH21jjðg; tÞ
" #
DusjðtÞdtþ
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1
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ðg tÞ2 þ
aH21;1jðgÞ
g t w
0
jðgÞþ kH22jjðg; tÞ
" #
DunjðtÞdt
þ
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i¼1
i 6¼j
Z 1
1
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XN
i¼1
i 6¼j
Z 1
1
kH22ijðg; tÞDuniðtÞdt; j¼ 1;2; :::;N : ð18ÞIt is worth mentioning that in the right-hand sides of Eq. (18) the ﬁrst two terms are hypersingular the next
two terms are Cauchy singular and the remaining terms are regular in the domain of integration.Fig. 6. Crack stress intensity factors in isotropic and orthotropic planes.
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The numerical solution of Eq. (18) is carried out by the technique devised by Kaya and Erdogan (1987). Let
N1 be the number of cracks and N2 the number of cavities in the inﬁnite plane. Thus, the total number of
defects is N = N1 + N2. The stress ﬁelds near a crack tip in orthotropic materials have the singularity of
1=
ﬃﬃ
r
p
, where r is the distance from crack tip, see for e.g. Delale (1984). Therefore, the asymptotic behavior
of displacement ﬁeld in the vicinity of crack tip is
ﬃﬃ
r
p
and the crack displacement may be approximated by
a truncated series of M1 + 1 terms for each crack asDukiðtÞ ﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p XM1
m¼0
akimUmðtÞ; 1 < t < 1; k ¼ n; s; i ¼ 1; 2; :::;N 1; ð19Þwhere Um(t) is the Chebyshev polynomial of the second kind. Cavities are considered as closed curved cracks.
Thus the stress ﬁelds for cavities are bounded and the crack displacement may be evaluated by a series of
M2 + 1 terms of Legendre polynomials of ﬁrst kind asDukiðtÞ ﬃ
XM2
m¼0
akimPmðtÞ; 1 < t < 1; k ¼ n; s; i ¼ N 1 þ 1;N 1 þ 2; . . . ;N : ð20ÞThe substitution of (19) and (20) into the relevant terms of Eq. (18), in conjunction with the application of the
following integration formulas:R 1
1
UmðtÞ
ﬃﬃﬃﬃﬃﬃﬃ
1t2
p
ðgtÞ2 dt ¼ pðmþ 1ÞUmðgÞ;
R 1
1
UmðtÞ
ﬃﬃﬃﬃﬃﬃﬃ
1t2
p
gt dt ¼ pT mþ1ðgÞR 1
1
PmðtÞ
ðgtÞ2 dt ¼ 
2ðmþ1Þ
1g2 ½gQmðgÞ  Qmþ1ðgÞ;
R 1
1
PmðtÞ
gt dt ¼ 2QmðgÞ;
ð21ÞFig. 7. Dimensionless hoop stress for three elliptical cavities in isotropic planes under far-ﬁeld biaxial loading.
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kind, leads tornðajðgÞ;bjðgÞÞ¼
XM1
m¼0
fasjm½pðmþ1ÞaH11;1jðgÞUmðgÞþpaH12;1jðgÞw0jðgÞTmþ1ðgÞþh11jmðgÞ
þanjm½pðmþ1ÞaH12;1jðgÞUmðgÞpaH11;1jðgÞw0jðgÞTmþ1ðgÞþh12jmðgÞg
þ
XN1
i¼1
i 6¼j
XM1
m¼0
fasimhH11ijmðgÞþanimhH12ijmðgÞgþ
XN
i¼N1þ1
XM2
m¼0
fasimhH11ijmðgÞþanimhH12ijmðgÞg
rsðajðgÞ;bjðgÞÞ¼
XM1
m¼0
fasjm½pðmþ1ÞaH21;1jðgÞUmðgÞþpaH22;1jðgÞw0jðgÞTmþ1ðgÞþh21jmðgÞ
þanjm½pðmþ1ÞaH22;1jðgÞUmðgÞpaH21;1jðgÞw0jðgÞTmþ1ðgÞþh22jmðgÞg
þ
XN1
i¼1
i 6¼j
XM1
m¼0
fasimhH21ijmðgÞþanimhH22ijmðgÞgþ
XN
i¼N1þ1
XM2
m¼0
fasimhH21ijmðgÞþanimhH22ijmðgÞg; j¼ 1;2; :::;N 1
rnðajðgÞ;bjðgÞÞ¼
XM2
m¼0
asjm
2ðmþ1ÞaH11;1jðgÞ
1g2 gQmðgÞQmþ1ðgÞ
 þ2aH12;1jðgÞw0jðgÞQmðgÞþh11jmðgÞ
 	
þanjm
2ðmþ1ÞaH12;1jðgÞ
1g2 gQmðgÞQmþ1ðgÞ
 2aH11;1jðgÞw0jðgÞQmðgÞþh12jmðgÞ
 

þ
XN1
i¼1
XM1
m¼0
fasimhH11ijmðgÞþanimhH12ijmðgÞgþ
XN
i¼N1þ1
i 6¼j
XM2
m¼0
fasimhH11ijmðgÞþanimhH12ijmðgÞg
rsðajðgÞ;bjðgÞÞ¼
XM2
m¼0
asjm½
2ðmþ1ÞaH21;1jðgÞ
1g2 ½gQmðgÞQmþ1ðgÞþ2a
H
22;1jðgÞw0jðgÞQmðgÞþh21jmðgÞ
	
þanjm
2ðmþ1ÞaH22;1jðgÞ
1g2 ½gQmðgÞQmþ1ðgÞ2a
H
21;1jðgÞw0jðgÞQmðgÞþh22jmðgÞ
 

þ
XN1
i¼1
XM1
m¼0
fasimhH21ijmðgÞþanimhH22ijmðgÞg
þ
XN
i¼N1þ1
i6¼j
XM2
m¼0
fasimhH21ijmðgÞþanimhH22ijmðgÞg; j¼N 1þ1;N 1þ2; :::;N : ð22ÞThe functions in Eq. (22) areh11jmðgÞ ¼
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
; j ¼ 1; 2; :::;N 1
W jmðtÞ ¼ PmðtÞ; j ¼ N 1 þ 1;N 1 þ 2; :::;N
ð24ÞThe 2N1 · (M1 + 1) + 2N2 · (M2 + 1) unknown coeﬃcients arim; r ¼ n; s; i ¼ 1; 2; :::;N 1;m ¼ 0; 1; :::;M1 for
cracks and arim; r ¼ n; s; i ¼ N 1 þ 1;N 1 þ 2; :::;N ;m ¼ 0; 1; :::;M2 for cavities are determined by solving the sys-
tem of algebraic Eq. (22). The integrations in Eq. (23) for 1 6 j 6 N1 and N1 + 1 6 j 6 N are carried out,
respectively, by Gauss-Chebychev and Gauss-Legendre quadrature rules. For the sake of numerical expedien-
cy, the collocation points gq, q = 1,2, . . . ,p1 for the ﬁrst and second Eqs. in (22), are chosen at the middle of
Gauss-Chebychev quadrature points, whereas those for the third and fourth equations, gq,
q = p1 + 1,p1 + 2, . . . ,p are taken at the middle of Gauss-Legendre quadrature points, leading to
2N1 · p1 + 2N2 · (p  p1) algebraic equations. Taking p1 >M1 + 1, p  p1 >M2 + 1, the resultant over-deter-
mined system of equations should be solved in the sense of least-squares minimization. The number of terms in
series and the number of collocation points on various defects are diﬀerent. They depend upon the type of
defect, crack or cavity, and its interaction with other defects. Nonetheless, suﬃcient number of collocation
points should be taken on a defect to ensure the convergence of the coeﬃcients of the series. For the examples
solved in this study, we realized that accurate results may be obtained by taking the number of collocation
points about 1.6 times the number of series terms. The displacement ﬁelds in the vicinity of crack tips in terms
of modes I and II stress intensity factors in anisotropic materials are given in Liebowitz (1968). For orthotro-
pic materials stress intensity factors at the tips of the ith crack in terms of the crack opening displacements
reduce toFig. 8. Dimensionless hoop stress for three elliptical cavities in orthotropic plane under far-ﬁeld biaxial loading.
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; ð25Þwhere the subscripts L and R, respectively, denote the left and right tips of a crack and the distances of a point
on the crack surface from the crack tips arerL ¼ ½ðaiðgÞ  aið1ÞÞ2 þ ðbiðgÞ  bið1ÞÞ2
1
2;
rR ¼ ½ðaiðgÞ  aið1ÞÞ2 þ ðbiðgÞ  bið1ÞÞ2
1
2:
ð26ÞSubstituting Eqs. (19) and (26) into (25) and using the Taylor series expansion of functions ai(g) and bi(g)
around the points g = ±1 leads tokIL
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: ð27ÞFig. 9. Dimensionless hoop stress on the cavity in isotropic plane.
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; i ¼ 1; 2; :::;N 1 ð28ÞOn the surface of cavities traction vector vanishes and it is clear that only hoop stress rss exists. Consequently,
from Hooke’s law for orthotropic materials we haverss ¼ 1S11 ess; ð29Þwhere the material property S11 is in the direction making angle w with the x-axis and equals toS11 ¼ 1Ex cos
4ðwÞ þ 1
Ey
sin4ðwÞ þ 1
Gxy
 2mxy
Ex
 
sin2ðwÞ cos2ðwÞ: ð30ÞFrom the deﬁnition of dislocation density function, the ﬁrst Eq. (12) and Eq. (29) hoop stress on the ith cavity
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Fig. 10. Dimensionless hoop stress on the cavity in orthotropic plane.
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The substitution of (20) into (31) results in the hoop stress on cavitiesrssiðtÞ ¼ 1
S11
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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1 t2  w
0
iðtÞanimPmðtÞ;
i ¼ N 1 þ 1;N 1 þ 2; . . . ;N : ð32Þ4. Results and discussion
In all the examples for orthotropic plane, the ratios of moduli of elasticity are Ey/Ex = 0.04, Gxy/Ex = 0.02
and the Poisson’s ratio is mxy = 0.25. To render the crack stress intensity factors dimensionless the divisor
k0 ¼ r0
ﬃﬃ
l
p
, where r0 is the applied traction and l is the half of crack length, is employed. We should also men-
tion that crack closure is not considered in this work. Therefore, the loading and the defects conﬁguration
should prevent the possibility of cracks closing. The validity of the analysis is achieved by solving some well
known problems in literature. The ﬁrst problem is an elliptical cavity in the orthotropic medium under far-
ﬁeld uniform tensile traction, ry = r0. The plots of dimensionless hoop stress for three diﬀerent orientations
of cavity with a/b = 2 are drawn in Fig. 1. For c = 0, p/2 the extreme values of hoop stress are identical with
the analytical solutions given by Savin (1961). The largest value of hoop stress in the three cases is compressive
and occurs where c = p/4 but not at the vertex of cavity. The second example deals with an isotropic planeFig. 11. Mode I stress intensity factor for two cracks in orthotropic plane.
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diﬀerent cases of far-ﬁeld axial and shear tractions are considered. Figs. 2 and 3 show the nondimensional
hoop stress on the cavities C1 and C2, respectively. The problem was solved by Wang et al. (2003), utilizing
boundary integral method. They reported the maximum and minimum hoop stresses on the cavities which
are in good agreement with the results of the present article. As the last check on the analysis, the problem
of the inﬁnite isotropic and orthotropic planes weakened by a crack and a circular cavity subjected to uniaxial
far-ﬁeld traction, ry = r0 is considered. The length of crack is ﬁxed and crack is approaching the cavity. The
dimensionless hoop stress on the cavity for three diﬀerent t/l in isotropic and orthotropic planes is depicted in
Figs. 4 and 5, respectively. The variation of hoop stress on the cavity with t/l is not signiﬁcant. The crack open-
ing i.e., mode I, only occurs. The variation of stress intensity factor with t/l is shown in Fig. 6. The comparison
of k/k0 at the diﬀerent crack tips reveals that k/k0 at the crack tip L is higher than at tip R which is due to
the stronger interaction with the cavity. The problem for isotropic plane is solved by Isida (1973), employing
the method of Laurent series expansion, and latter by Hu et al. (1993) using boundary integral technique. The
present solution closely matches with the results of foregoing papers.
The applicability of the methodology developed here is illustrated by solving two new problems. The inﬁ-
nite isotropic and orthotropic planes weakened by three identical elliptical cavities with a/b = 2 and d/b = 5
are considered. The far-ﬁeld biaxial traction, rx = ry = r0 is applied. The hoop stress on the cavities is shown
in Figs. 7 and 8. It is interesting to note that the hoop stress on all cavities in isotropic plane and cavity E2 in
orthotropic material is tensile. In contrast, portions of the cavities E1 and E3 in orthotropic media sustain
compressive stress. In the second problem a circular cavity and two growing straight cracks is considered.
The center of cracks is ﬁxed and far-ﬁeld constant biaxial traction is applied. The hoop stress on cavity in
the isotropic and orthotropic planes for three diﬀerent l/a is shown in Figs. 9 and 10, respectively. The max-
imum value of hoop stress for each l/a is larger in orthotropic plane than that in isotropic one. For l/a = 0.05,Fig. 12. Mode II stress intensity factor for two cracks in orthotropic plane.
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the cavity in the isotropic plane is constant, rss/r = 2, while in the orthotropic plane it varies but is symmetric
with respect to the x- and y-axes. The modes I and II stress intensity factors against l/a are shown, respectively,
in Figs. 11 and 12. It is noteworthy to mention that in isotopic plane, due to symmetry with respect to the line
h = 3p/4, stress intensity factors of two cracks are identical. The comparison of stress intensity factor at dif-
ferent crack tips in orthotropic medium reveals that crack tips with lower kI/k0 experience higher kII/k0.
Appendix A
The coeﬃcients of singular terms in Eq. (8) area11;1j ¼ Exfb0j½ðr21 þ r22 þ r1r2  1Þða0jÞ2 þ r1r2ðr1r2 þ 1Þðb0jÞ2
 b0j½ðr21 þ r22 þ r1r2 þ 1Þða0jÞ2 þ r1r2ðr1r2  1Þðb0jÞ2 cos 2wj  2a0j½r1r2ðb0jÞ2
 ða0jÞ2 sin 2wjg=4pðr1 þ r2Þ½ðr1ðb0jÞÞ2 þ ða0jÞ2½ðr2ðb0jÞÞ2 þ ða0jÞ2;
a12;1j ¼ Exfa0j½ðr21 þ r22 þ r1r2ð1 r1r2ÞÞðb0jÞ2  ð1þ r1r2Þða0jÞ2
þ a0j½ðr21 þ r22 þ r1r2ð1þ r1r2ÞÞðb0jÞ2 þ ð1 r1r2Þða0jÞ2 cos 2wj þ r1r2b0j½r1r2ðb0jÞ2
 ða0jÞ2 sinð2wjÞg=4pr1r2ðr1 þ r2Þ½ðr1ðb0jÞÞ2 þ ða0jÞ2½ðr2ðb0jÞÞ2 þ ða0jÞ2;
a21;1j ¼ Exf2a0jðr1r2ðb0jÞ2  ða0jÞ2Þ cos 2wj  b0j½ðr21 þ r22 þ r1r2 þ 1Þða0jÞ2
þ r1r2ðr1r2  1Þðb0jÞ2 sin 2wjg=4pðr1 þ r2Þ½ðr1ðb0jÞÞ2 þ ða0jÞ2½ðr2ðb0jÞÞ2 þ ða0jÞ2;
a22;1j ¼ Exf2r1r2b0jðr1r2ðb0jÞ2  ða0jÞ2Þ cos 2wj  a0j½ðr21 þ r22 þ r1r2ð1þ r1r2ÞÞðb0jÞ2
þ ða0jÞ2ð1 r1r2Þ sin 2wjg=4pr1r2ðr1 þ r2Þ½ðr1ðb0jÞÞ2 þ ða0jÞ2½ðr2ðb0jÞÞ2 þ ða0jÞ2:References
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